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Outline
• Present-day globular clusters (GCs) are only slowly rotating [1]. But could their

small observed flattening [2] be due to such slow rotation? Furthermore, what
about the past? The effects of angular momentum on the dynamical evolution
of (quasi-relaxed) stellar systems are known to be important, but they are only
partially understood [3][4].

• We present the first results of an extensive survey of N-body simulations de-
signed to investigate the dynamical stability and the long-term evolution of two
new families of self-consistent models, characterized by the presence of internal
rotation, either solid-body or differential.

Solid-body vs. Differential rotation
See [6][7] for details

• On the basis of a statistical mechanical argument, spherical King models [5] can
be generalized to the case of internal rigid rotation as:

fK(H) = A[exp(−aH)− exp(−aH0)] (1)

ifH ≤ H0 and fK(H) = 0 otherwise, whereH = E−ωJz is the Jacobi integral and ω
is the angular velocity of the system. The models are axisymmetric, characterized
by isotropy in velocity space and can be parametrized by:

Concentration: W0 ≡ ψ(0) Rotation strength: ω̄ ≡
ω

(4πGρ0)1/2
(2)

where ψ is the escape energy and ρ0 is the central density. A sequence of models of
givenW0 and increasing ω̄ terminates at T/|W | . 10−2, due to equatorial break-up.

• A more realistic family of models can be defined as:

fW (I) = A exp(−aE0){exp[−a(I − E0)]− 1 + a(I − E0)} (3)

if E ≤ E0 and fW (I) = 0 otherwise, where the quantity:

I ≡ E −
ωJz

1 + bJ2c
z

(4)

is such that I ∼ H for low |Jz| and I ∼ E for high |Jz|. The resulting configura-
tions are characterized by rigid rotation and isotropy in the center and tangential
anisotropy at the boundary, where the rotation vanishes. With respect to the previ-
ous family, two additional parameters are present (b̄ = a−c r2c0 b, c) and a sequence
of models with increasing ω̄ now terminates at T/|W | ∼ 0.2, when the degree of
differential rotation becomes too high. Rapidly rotating models exhibit a toroidal
core, the existence of which can be expressed in terms of a threshold value of the
internal rotation.
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Figure 1: Meridional sections of the intrinsic isodensity surfaces of three representative models.
Left panel: Critical rigidly rotating model with W0 = 2. The boundary of the configuration is
the last closed equipotential surface before the equatorial break-up. Central and right panels:
Differentially rotating models with W0 = 2, b̄ = c = 1 and ω̄/ω̄max = 0.1, 0.4, respectively. In
contrast with the first model, the deviations from spherical symmetry are more significant in the

central regions. In all panels the spatial coordinates are expressed in units of r0 = [9/(4πGρ0a)]
1/2.

Curious about
the maths?

See [8] for details!

The determination of the structure of the rigidly rotat-
ing models defines a singular perturbation problem. The
differentially rotating models, instead, are constructed by
means of a spectral iteration method.

Rotation regimes

0 5 10 15 20 25 30

0.05

0.10

0.15

0.20

t tD

T
/|W

|

ω ωmax

0.90
0.70
0.50
0.40
0.30
0.31
0.20
0.10

•Within the family of differentially rotat-
ing models, configurations with moder-
ate internal rotation (ω̄/ω̄max < 0.30) are
dynamically stable. The strong rotation
regime (0.30 < ω̄/ω̄max < 0.50) presents a
transition from stable models, even with
the toroidal core, to unstable configura-
tions. Models in the extreme rotation
regime (ω̄/ω̄max > 0.50) are violently un-
stable.

Figure 2: Evolution of the ratio between the ro-
tational kinetic energy T and the total potential
energyW for a series of models withW0 = 2 and
increasing values of ω̄. Time is expressed in units

of the dynamical time tD = [3π/(16Gρ̄)]1/2, where
ρ̄ is the mean density inside the lagrangian radius
enclosing 90% of the total mass. Simulations per-
formed with Starlab [13]: N = 65536, single mass,
isolated models.

Low T/|W| dynamical instability

• Rapidly rotating models become dynamically unstable at T/|W | ∼
0.11. From classical stability analysis [9][10], it is known that, for uni-
formly rotating homogeneous ellipsoids and polytropes, such transition
takes place at much higher value T/|W | ∼ 0.27.
• Similar low T/|W | instability has been found also in differentially ro-
tating fluid systems with polytropic equations of state [10]. It seems
to be triggered by the presence of a corotation point inside the rotating
configuration [12] [13]. We note that such instability is not restricted to
bar-like (m = 2) mode.

Figure 3: Evolution of the surface density pro-
jected on the equatorial plane of a model with
extreme rotation (W0 = 2, ω̄/ω̄max = 0.9: the
last of the series described in the previous Sec-
tion). The central toroidal configuration, af-
ter the development of an m = 1 instability,
is evolving toward a m = 2 central structure.
This evolution is equivalent to the one expe-
rienced by the rapidly rotating models in [11]
and by the highly differentially rotating con-
figurations in [12]. Time is expressed in units
of the dynamical time and spatial coordinates
are expressed in N-body units.
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Figure 5: Radial profile of the angular veloc-
ity of the model at the same times illustrated
in Fig. 3 (thin lines from left to right, starting
from the solid line). Thick lines represent the
eigenfrequences of the two dominant modes.

Figure 4: Fourier analysis of the intrinsic density of the model presented in Fig. 3. Top
panel: Growth of the modulus of the (normalized) complex amplitudes Am = Cm/C0,

where Cm = (1/2π)
∫ 2π
0 ρ e−imφdφ, for m = 1, 2, 3, 4. Bottom panels: Cosine of the

phase angle ϕm = tan−1[ℑ(Am)/ℜ(Am)] form = 1, 2.

Long-term evolution
• It is known that the presence of internal rotation significantly affects the
dynamical evolution of a collisional stellar system, but the interplay between
two-body relaxation and angular mometum transport is still unclear .
• We compared the evolution of several pairs of models, having the same
initial structural properties (up to the half-mass radius), but characterized
by the presence/absence of internal rotation. In all cases, we found that the
rotating configuration reaches core collapse more rapidly.
• Following early investigations [3], we have also tried to interpret the evo-
lution of a rotating system by distinguishing between a first phase, in which
the gravo-gyro catastrophe [15] takes place and subsequently levels off, and a
second phase in which the system experiences the gravothermal catastrophe
and reaches the core collapse, as it happens for non-rotating configurations.
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Figure 6: Left panel: Evolution of selected lagrangian radii of a pair of structurally equivalent
models with/without rotation (green/black). Purple lines represent the evolution of an addi-
tional non-rotating configuration having the same structural properties of the rotating model
at t/trh(0) ≈ 6. From comparison of green and purple lines, we note that rotation no longer
affects the evolution, i.e. the system has entered the gravothermal phase. Right panel: Evolu-
tion of T/|W | for several models in the moderate rotation regime (W0 = 6). In both panels time
is expressed in units of the initial half-mass relaxation time and spatial coordinates in N-body
units. Simulations performed with Starlab [14]: N = 16384, single mass, isolated models.

Conclusions and future developments

• Low T/|W | dynamical instability can occur in stellar dynamical rotating
models, in striking analogy with differentially rotating fluid systems. This
result may help to clarify the physical motivation of the Ostriker & Peebles
[16] criterion.

• Rigidly rotating models are dynamically stable, since equatorial break-up
terminates each sequence before the occurence of unstable configurations
(as for uniformly rotating fluid polytropes with index n > 0.808 [10]).

• Within the family of differentially rotating models, for application to GCs,
models of interest should be those in the moderate rotation regime.

• A rotatingmodel with the same initial structural properties of a non-rotating
one reaches core collapse more rapidly, as an effect of the internal rotation
in the early phases of the dynamical evolution. The study of the long-term
evolution of rotating configurations including the effects of tidal field, mass
spectrum and central black hole is currently in progress.
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